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Abstract: The paper considers a class of continuous-time linear systems with uncertain
parameters and develops a methodology for the design of linear feedback laws which,
besides stabilization, ensure the constraining of the state-space trajectories inside
contractive boxes exponentially decreasing to the equilibrium point. These constraints
allow a continuous and individual monitoring of each state variable, despite the
parametric uncertainties. The design methodology is based on the positive invariance of
the contractive boxes with respect to the dynamics of interval matrix systems. It is shown
that the class of matrices that achieve the box-constrained stabilization can be
characterized as the solution set of two equivalent linear inequalities. This
characterization is further used to derive the design technique as a linear programming
problem.

Keywords: constrained stabilization, parametric uncertain systems, interval dynamic

systems, matrix inequalities, linear programming.

1. INTRODUCTION

Let us consider a linear system with uncertain
parameters described by

x(r){Ao ¥ kz akAij(t)+(Bo + liﬂszju(r), (1)
=1 =1

where 4, A4, eR™", By, By € R™™, are known
constant matrices, and ¢, f;, are independent
uncertain lay | < a,
k=1,...,r, | 5| Sﬁ?, I=1,...q . Such descriptions
are frequently used for coping with the approximate
knowledge of the coefficients in the construction of
state-space models.

parameters that satisfy

Our objective is the design of a linear feedback
u(t)=Fx(), FeR™", which
parametric uncertain system and constrains its
trajectories not to leave a contractive box of the form:

stabilizes the

X;ect = {)CER” | ||[df1x1 -..d;lxn]T ||w£ gecl‘}’

, )
d;>0,i=1,...,n,¢<0,£>0,1t>1,

once they are initialized inside it. A matrix feedback

F fulfilling this objective is called a box-constrained

stabilizing matrix. If such an F exists, the system is

called box-constrained stabilizable.

Intuitively speaking, the box-constrained stabilization
means a continuous and individual monitoring of
each state variable x;(¢), i=1,...,n, not allowing
| x;(t) |> ed;e” for any t>1y, if |x(t))|< ed;e0,
despite the parametric uncertainties of system (1).

The objective formulated above can be transposed
into the mathematical framework of interval systems

(abbreviated as ISs). Obviously, the description (1)
leads to

%(t) = Ax(t)+ Bu(t), t >0, 3)

where the entries of A=(aq;)eR" and



B =(b;)eR™™" present interval-type uncertainties
a; Saj < ai;f , by <by <by, which, in a compact

writing, are componentwise matrix inequalities:

AT <A< AT, B <B<B". 4

The lower and bounds

upper A" =(a;),
At=(aj) e R™", B =(by), B'=(b})eR™", can be
calculated directly from the known matrices 4,

4, e R™" | By, Bje R™™ and scalars g, £ .

The advantage of the IS framework consists in the
background available on stability and stabilization,
for both continuous- and discrete-time ISs. Therefore
the presentation of our research is constructed in
terms of ISs, by referring to the box-constrained
stability and stabilization of the open-loop 1S
(3)&(4). The closed-loop system

X(t) = (A+BF)x(1), (5)

incorporates the interval uncertainties (4) of both
matrices 4e[A”,A4"], Be[B~,B"] and it will be
referred to as the closed-loop 1S (5)&(4).

The asymptotic stability of IS (3)&(4) with u(t)=0,
was one of the most intensively explored properties of
ISs, as reflected by the results reported in literature —
see the reference list in (Mao and Chu, 2003) and the
more recent publications (Chen and Lin, 2004),
(Yamag and Bozkurt, 2004), (Kolev and Petrakieva,
2005), (Zhang et al., 2006). The greater part of these
papers provides sufficient conditions, showing that the
necessity is valid only for some particular classes of
interval matrices. Necessary and sufficient conditions
for the stability of arbitrary interval matrices are
formulated in (Wang et al., 1994), (Yedavalli, 1999),
(Yedavalli, 2001), (Mao and Chu, 2003), (Zhang et al.,
2006). Our previous paper (Pastravanu and Voicu,
2004) deserves a special interest since it characterizes
the componentwise stability of ISs, and one of its
results is further exploitable in the direction of IS
stabilization. In a broader context, by regarding
interval matrices as matrix polytopes, we should also
mention researches on the stability of polytopic
systems, such as (Geromel et al., 2006), (Grman et al.,
2005), (Liu and Molchanov, 2002), (Kau et al., 2005),
(Molchanov and Liu, 2002).

The remark in (Mao and Chu, 2003) that
“stabilization of ISs is more difficult than stability
analysis” is sustained by the rather scarce literature
on the IS stabilization (compared with stability). The
stabilization techniques rely on the properties of
nonnegative systems (Shafai and Hollot, 1991),
quadratic stability and LMIs (Mao and Chu, 2003),
(Zhang et al., 2006), generalized antisymmetric
stepwise configurations (Hu and Wang, 2000), (Wei,
1994), controllability and spectrum allocation for
(4,B) interval pairs (Shashikhin, 2002) and

arithmetic intervals (Smagina and Brewer, 2002).

The current work provides a technique for testing the
box-constrained stabilizability of IS (3)&(4).
Whenever the box-constrained stabilization is
possible, the technique also provides a box-
constrained stabilizing matrix F. The key point of our
development consists in transforming a result derived
in our previous paper (Pastravanu and Voicu, 2004)
into a linear programming (LP) problem. The
numerical approach to the LP problem operates as a
necessary and sufficient condition in the sense that
(i) the absence of a feasible solution means the box-
constrained stabilization is not possible, (ii) a feasible
solution provides a box-constrained stabilizing
matrix. A numerical example illustrates the
applicability of the proposed technique.

2. PRELIMINARIES

To address the box-constrained stabilization of IS
(3)&(4) we first need a rigorous definition of the
box-constrained stability of an IS.

Definition 1. 1S (3)&(4) with u()=0 is X . -
constrained stable if the boxes X 5 us €>0,
e

introduced by (2) are invariant with respect to the
state-space trajectories of (3) with u(¢)=0, for any

Ae[d,A"]. O

Our previous paper (Pastravanu and Voicu, 2004)
provides a result that can be wused for the
characterization of the box-constrained stability of IS
3)&(4).

Theorem I Let A= (@;) e R™" be an essentially

non-negative matrix built from the entries of A~,
A* as follows:

— 4t =
i = Aji » l—l,...,}’l,

= sup ayli#ji,j=1...,n. (6

S| 8

+
a,J Sa,, Sa,,

IS (3)&(4) with u(#)=0 is X . -constrained stable
if and only if the constant ¢ <0 and the vector d >0
satisfy the inequality:

Ad<cd . (7

Proof: See Corollary 2 in (Pastravanu and Voicu,
2004). m

Inequality (7) provides an easy to apply procedure
for the analysis of the X . - constrained stability of

the open-loop IS (3)&(4). However, if we refer to the
closed-loop IS (5)&(4), then resolving inequality (7)
(ie. A+BFd<cd, Ae[A ,4"], Be[B ,B')])

with respect to matrix F e R™" is a cumbersome
task. Therefore our previous work (Pastravanu and
Voicu, 2004) focusing on the analysis of IS



componentwise stability could not address the X . -
stabilization of IS (3)&(4) as a direct consequence of
the above Theorem. 1

Throughout the paper we use a set of notations for
handling matrices and vectors with special structures.
These notations have been chosen to support a quick
understanding of the contextual message, despite the
complexity of the computational approach we intend
to develop.

Let p,q,7,peN. 0,,, is the null matrix of size

pxq . I, is the identity matrix of order p.

e For a real matrix M = (m;) e RP*, we introduce
the following notations:
M jy=[m;---my 1" € R? is a vector containing the

j-th column of M, j=1,---,q .

M'ZZCXF[M(T:,U---M(T;,@]TeRPq is a vector
reshaping the elements of matrix M taken

columnwise in the ascending order of the column
subscript.
If r={r,nt, r,...i, eN, IS <..<p<p,is

a set of row subscripts for M, then <M >,e R(P~1*4

is the matrix obtained from M by deleting the rows
subscripted 7,..., 7, -
If M e RP*? is a square matrix, then M°T e RP*?
preserves the off-diagonal elements of M and has
zeros on the main diagonal.

e For a real vector v=(v;) e R”, we introduce the

following notations:
If peN and p = pg, then

i Vg-1p+
mat _ | V2 Vg-1) p+2 x
vlpxg=| (g E)p e RP*4 )
Vp Vap

is a matrix reshaping the elements of the vector v
taken in the ascending order of their subscript.

If r=_{r,....5}, ..., eN, 1< <..<p<p,is
a set of element subscripts for v, then <v>,.e R
is the vector obtained from v by deleting the elements

subscripted 7,...,7;, .

e For the construction of a matrix that contains
columns selected from two different matrices M,
M* e RP* | we introduce the following notations:

If M, M(Tj) are the j-th column of M~ and,
respectively, M™, and s; e{-1+1}, j=1....q,

M+

S — S
then M:”j) =M for s;=-1 and M(/j GJ)

( i)
for s; =+1, ie. M(S:jj) is the j-th column selected in

accordance with the value of s j

If s=[s...5,], s;€e{-1L+1}, j=L...,q, then the

. S _ N 82 Sq
matrix M°= [M(;,l)M(;,z) ...M(:’q)] has the columns
selected in accordance with the entries of the vector
se{-1,+1}9.

e For two matrices M eRP*Y, QeR™7, the
Kronecker product is denoted by M ® Q and defined
(in a block form) as

m”Q mlzﬂ mqu
MeQ=| ™ mad e mg Qg ()
mp€d myQd e mpQ

e For an interval square matrix given as in (4),, the
bar operator e defines a constant matrix whose
entries are given by (6).

3. CHARACTERIZATON OF
BOX-CONSTRAINED STABILIZING MATRICES

In this section we consider the closed-loop IS
(5)&(4) and look for a common characterization of
all feedback matrices F =(f;;) € R™" that ensure
the X, . -constrained stability of IS (5)&(4). We

show that all these matrices (regarded as a matrix
class) define the solution set of some linear
inequalities.

Definition 2. (a) A feedback
F=(fij)eR™" is called an X, -constrained

stabilizing matrix for IS (3)&(4), if the closed loop IS
(5)&(4) is X, o -constrained stable (in the sense of

Definition 1).
(b) Denote by .}‘}(ded

stabilizing matrices for IS (3)&(4). IS (3)&(4) is
called X, . -constrained stabilizable if f}d L, 2.0

matrix

the set of all X et -constrained

Theorem 2. Consider the matrix inequalities

Vse{-L+1}", A" +BF <G, (10)
Vse{-L+11", -G°T < (4~ + B*F)°T | (11)
Gd<cd, (12)

where F =(fi;) e R™", G=(g;) e R™ . Denote by
leO)—(lZ) = {F e R™" | AG e R™" . (10)—(12) true}

the set of all matrices F € R™" for which there
exists G € R™" such that inequalities (10)-(12) are
satisﬁed. Then f(—IO)—(l2) = fj(

dect
Proof: Consider an arbitrary F € R™" defining the
state feedback (8), and denote by @=(6;),

i, j=1,...,n, the interval matrix

@=A+BF, Ac[A,A"], Be[B ,B"], (13)



of the closed-loop IS (5)&(4). Let 6’; < 49,;-' be the

lower and upper bounds of the interval associated

with 6, i,j=1,...,n, and consider the matrices

®7=(g; ) eR™, @ =(§;)eR™" . For any 6,
we can write

m m
— — —Sij
O =a;+ 2 b7 fig SO =ay + X by fir <
k=1 k=1 14
e (14)
Saj+ 2 by fiy =65,
k=1

where, according to the notations in Section2,

b :{b%, fyz0 b :{b,zf, fij 20
b, fij <0 bt fiy <0

The expressions of g, , g; given by (14) show that

®" and @ can be described columnwise by

- — m —Ski o
O ;) =46+ 2 B Ji-
- 15)
+ + m +S[g' . (
®(,j) = A(,j) +kz::lB(:’k)ﬁg'a J= 1,...,7’!.

Let F e Ajg)-a2)- Since inequalities (10), (11)

involve all matrices B° built columnwise for
s € {~1,+1}", the fulfillment of (10) and (11) ensures

@2—’]) < G(,/) and <— G(,/) >{j} < <®(_,]) >{l} , for all

j=1,...,n. This is equivalent to &; < 8>

i =

i,jzl,...,n, and _g[/ <6;

L i, dj=l..n,

respectively. By using the @, notation, we get

§l-j~ <gj, i,j=L...,n. In a compact writing, we
have @ <G, which, together with inequality (12),
imply ©®d <cd . Theorem 1 guarantees the X

dect
constrained stability of the closed-loop IS (5)&(4),
ie. F e/-}(d ., - Thus, we have proven that

A10)-12) € Fx

dect

For the counterpart, let us consider F e /-}(d ., Le.
e

the closed-loop IS (5)&(4) is X, - constrained

stable. Theorem 1 ensures the fulfillment of

inequality ©d < cd .
On the other hand, the expressions (14) of 6, Hl;f

m m
show that 6 <aj;+ 3’ bg* fi; and ajf+ b7 f;<0;
k=1 k=1

for any choice of oy, € {—1,+1}, which includes the

case of a common choice per column, i.e. for all
i=1,...,n, oy =s; €{-1,+1}. This means

Vsel-L+11": A +BF<@', @ < A +B°F . (16)

Since ®'<® and (—(:))Offg (@*)off ,
(10)<(12) are true for the considered F and G =0,
ie. Fe f;(devf , proving that f}(decf c A0y O

inequalities

Remark 1. Theorem 2 shows that the problem of
X , « -constrained stabilization for IS (3)&(4) does

decl
not require the exploration of all 2™" vertices of the
polytope defined by the interval matrix [B~,B*].

The proof of Theorem 2 reveals that from 2"
possible tests, only 2" tests are meaningful. In other

words, by checking those 2™ wvertices specified by
the theorem, one gets complete information about the
extreme values of the interval entries of the closed-
loop matrix 4+ BF . i

Although inequalities (10)-(12) are linear, their
matrix form is still inconvenient for the automatic
manipulation in a scientific software environment.
Therefore we reorganize the matrix inequalities (10)-
(12) in the standard form of a linear inequality with

Mw<v, MeRPY,

weR?, veR?, where the vector @ collects the
elements of the matrices " and G.

appropriate  dimensions

Theorem 3. Consider the inequality

letl y [ g+jvec
]n ®B_[+ + _[_n2 4 ,|nz><1
I ®B.[,1.._1] —[. . _A+'|\,eC
,,,’L,,,,[;]T:ﬂ], ,,,,,,, |l P
,<1”®B.’ >, —<Iﬂz>r [},}S <A*yvlgcxl>r a7
oLl ' :
N it <A >,
L On><mn d ®111 777667777

where r=1{r,....,}, r;=(-Dn+j, j=L...,n,
and peR™ | ye R" . Denote by @7 the set of

all vectors @ € R™ for which there exists y e R"
such that inequality (17) is

D7) ={peR™ |3y e R" :(17) true}.

Let f(-”): {F e R™" |F =¢|nml;a<tn NOXS CD(”)} be the
set of matrices obtained by reshaping the vectors
from @(17) .
Then .}(-17) = .};(dgct
Proof: We prove that inequality (17) is equivalent to
inequalities (10)-(12).

The first 2"n® scalar inequalities in (17) are
equivalent to the matrix inequalities (10) written for

satisfied, 1i.e

all 2™ combinations of signs in the vector s, i.e. from
s=[+1...+1] to s=[-1...—1]. Indeed, for each

se{-L1), in (17) we identify a group of n’
inequalities of the form (I, ®B%)p—y< —A4* S . By

n2x]

considering the matrices F=¢ [, , G=y [ this



inequality is equivalent to B'F ;— G ;< —A(f, Y
j=l,...,n,and, finally, to (10).

An analogous construction shows that the next
2" (n?® —n) scalar inequalities in (17) are equivalent
to the matrix inequalities (11) written for all 2"
combinations of signs in the vector s. The only
difference  consists in  deleting the rows
ri=(-Dn+j, j=1,...,n, from each group of n’

inequalities of the form (1 ®BS)(p y <A, for

se{-1,1}", which means the columnwise writing
B>, jy=<G >y S<AGp>1jys J=Lon s o
equivalently (11).

Finally, the last »n scalar inequalities in (17) are
equivalent to (12).

Consequently,  Zi7) = A10)-a2) and, taking
Theorem 2 into account, we have Aj7y =%y . O
dect

4. NUMERICAL TRACTABILITY

Once we know that .7y~ represents the solution set
de“

of the linear inequality (17), we are interested in
developing a computational procedure for finding a
concrete X, . - constrained stabilizing feedback

matrix F ef}(ded , when f}(deg # . We propose a

linear programming (LP) approach since the linear
inequality (17) can be exploited for defining the
constraints, and the minimization can refer to the
decreasing rate of the invariant sets (4) which ensure
the constrained stability of the closed loop IS.

Theorem 4. Consider the LP problem that minimizes
the objective function:

Sy, A)=4 (18)
with the constraints
[+1--+1] _ 1
1’7 ®B: I:nz On? x1 A+|Ze(>:<1
[’ @B[*l —1] _IﬂZ () ZxL |vec
Ay o N T - T P
—<I, ®B +1+ ]> - <[ 2 O(n n)><l l:(;} < <A_|V§c >,
2 = n: x1
<O, <l <A1 >
0n><mn dT ® In -d n><1 o
1xmn le,ﬁ 1 i L 4 B
(19)

where r={r,....r,}, r;=(-Dn+j, j=L...,n

and ¢ e R, yeR”z , LeR. Denote by ®;p the
set of all vectors @ € R™ which are solutions to LP.

Define Fjp ={F eR™" |F =™ .0 ®p}.

mnx
Then
@ Fip < A, -

) Fip=0 = , =0

Proof: a) Let FeZp and consider the

corresponding solution ¢ € R™ | y e R" , AeR of
the LP problem. This means A fulfills the constraint
A<c, and Ad <cd. Consequently, ¢eR"™,

% eR" , satisfy the inequality (17) ie. F e Ay,

and Theorems 3 guarantees F' € 7y .
dect
b) Assume that Fp=0, but .7-}[16“ +J.

According to Theorem 3, inequality (17) has

. 2
solution(s) @ eR™ , yeR" , and these vectors

together with A =c¢ also satisfy the constraints (19)
of the LP problem. Hence, the LP problem is feasible
and A p #J, fact which, by contradicting the

hypothesis, completes the proof. o

Remark 2. Theorem 4 provides a computable
necessary and sufficient condition for the X . -

constrained stabilizability of IS (3)&(4). The robust
numerical tractability of the LP problems ensures the
practical applicability of the result. The LP solver
returns an unfeasible solution if and only if IS
(3)&(4) is not X, .- constrained stabilizable;

dect
otherwise any feasible solution can be used as a
X dect " constrained stabilizing feedback matrix. O

5. ILLUSTRATIVE EXAMPLE

To illustrate our approach, we consider the linear
system with uncertain parameters described by (1)
for =4 and g =2 with the following numerical

values of the matrices:
_| 225 -4.3875 0 _[o 1
AO_[—2.625 220 } A = [o 0} 42 ‘[o o}’
_[00 _[0o0 _[-1.875] ,_[1 _lo
A3‘[1 oJ’A“‘[o 1}30‘[ 1.10 ]’Bl—[o}Brm
for |q]<£025, |apn|<£0.125, |a3]<0.125,
las 102, |f11£0.125, | B,]<0.1.

this description can be equivalently written as the IS
(3)&(4) for the interval matrices defined by

[ 2 =51 ,+_[250 475 _[27
4 ‘[—2.75 2} A ‘[—2.50 2.40} B ‘[1] ’
. =175
B —[1.20}
Notice that IS (3)&(4) with u(1)=0

asymptotically stable since there exist matrices
Ae[A,A"] that are not Hurwitz stable (for

Obviously,

is not

example, A~ and 4"). Obviously, the considered

system cannot be X, . -constrained stable for

arbitrary constant ¢ <0 and positive vector d > 0.

For d=[2 1" and ¢=-0.1 we want to find a

feedback matrix F that allows the X et -constrained



stabilization of the considered IS and we use
Theorem 4. The LP problem is solved by using the
linprog function from the Optimization Toolbox for
MATLAB. The numerical solution is

peR?, o =[2.3864 —3.5892]" ,

yeR*, yT =[-16761, 0.3636, 2.4284, —1.1892]"
and A =-0.4619. We conclude that the feedback
F=p["™=[23864 —3.5892]
that the closed-loop IS (5)&(4) is not only X . -

matrix guarantees

constrained stable, but also X Joi " constrained

stable, with 4 =-0.4619<c=-0.1. In terms of

positive invariance, the sets X ; . decrease faster
€

than X jeg . For the above F, the matrix @ of the
closed-loop IS (5)&(4) is given by the elements of
vector y reshaped as

—-1.6761
0.3636

@ZG:7 rzr;azt:': 2.4284:|.

-1.1892

6. CONCLUSIONS

In comparison with the standard concept of
stabilization, the box-constrained-stabilization ensures
supplementary ~ properties to the closed-loop
trajectories of a parametric uncertain system. These
supplementary properties are offered by the
exponentially decreasing boxes (2), which are
invariant with respect to the closed-loop trajectories.
The proposed design technique is numerically robust
and operates in a single step, either providing a
feedback matrix that achieves the box-constrained
stabilization, or deciding that the considered system is
not box-constrained stabilizable.
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